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Abstract
Assuming that the leptons and quarks other than top are massless at tree level,
we show that their masses may be induced by loops involving the top quark. As a
result, the generic features of the fermion mass spectrum arise from combinations
of loop factors. Explicitly, we construct a renormalizable model involving a few
new particles, which leads to 1-loop bottom and tau masses, a 2-loop charm mass,
3-loop muon and strange masses, and 4-loop masses for first generation fermions.
This realistic pattern of masses does not require any symmetry to differentiate the
three generations of fermions. The new particles may produce observable effects in
future experiments searching for µ→ e conversion in nuclei, rare meson decays, and
other processes.
1 Introduction
The masses of the six quarks and three charged leptons follow some intriguing patterns.
At first sight, how heavy a fermion is depends crucially on which generation it belongs
to. Fermions of the first generation are lighter by roughly two orders of magnitude than
the corresponding fermions from the second generation, which in turn are two orders of
magnitude lighter than the corresponding fermions from the third generation [1].
This pattern has motivated the study of models where the couplings of the fermions to
the electroweak symmetry breaking sector are linear in the standard model fermion fields,
so that the dominant contributions to the fermion mass matrices have rank one (i.e., only
the third generation fermions have large masses). The masses for the second generation are
then induced at 1 loop [2] while first generation masses are further suppressed (attempts
at deriving the electron mass from a loop involving the muon have a long history [3]).
In an interesting scheme of this type [4], a pair of vectorlike fermions mix with the
standard model quarks such that only the top and bottom quarks have tree-level masses. A
charge −1/3 scalar then couples the third generation quarks to the other quarks, resulting
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Figure 1: Quark and lepton masses at the 1 TeV scale, from Ref. [7].
in rank-two mass matrices at 1 loop and rank-three mass matrices at 2 loops. A similar
scheme could be responsible for the lepton masses [5, 6], although the current constraints
on neutrino masses push the mass of the new particles introduced in [5] above 1014 GeV,
while the constraints on lepton flavor violating processes in the model of [6] render the
muon and electron masses too small.
However, the fermion masses follow more complicated patterns, as displayed in Figure
1. Within the third generation, the b quark and the τ lepton are almost two orders of
magnitude lighter than the top quark. The charm quark, which belongs to the second
generation, is only a few times lighter than the b and τ . The other second generation
fermions, namely the strange quark and the muon, are lighter by an additional order of
magnitude.
Here we propose a mechanism for generating quark and lepton masses based on the
assumption that only the top quark mass arises at tree level. In order to generate all
the fermion masses, some new fields must couple the top quark to other standard model
fermions. One might expect that such a mechanism would require a large number of
fields, and furthermore that all the masses would arise at one loop. Remarkably, both
these expectations turn out to be wrong due to the interplay of rank-one contributions to
the mass matrices.
Concretely, we first introduce one scalar field that couples the top quark to the leptons
(Section 2). This leads to masses for the τ , µ and the electron at 1, 3 and 5 loops
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respectively. At the same time the charm and up quarks get masses at 2 and 4 loops
respectively. In Section 3 we demonstrate that the top quark may be the only standard
model fermion that acquires mass at tree level even when there is no new quantum number
that differentiates it from the other quarks1.
In order to generate the remaining quark masses we introduce (Section 4) some ad-
ditional fields that couple to the down-type quarks, resulting in b, s and d masses at 1,
3 and 4 loops respectively. It turns out that these fields also contribute to the charm
and up quark masses, and more importantly generate an electron mass at 4 loops. It is
remarkable that this realistic pattern of loop-induced masses arises without need for any
flavor symmetry to differentiate the three generations2. Furthermore, we show that the
ensuing CKM matrix has elements consistent with experiment.
Various phenomenological constraints, discussed in Section 5, require the masses of
some of the new particles to be substantially heavier than the electroweak scale. We envi-
sion that the gauge hierarchy problem is solved by supersymmetry or Higgs compositeness
at the TeV scale. Although we do not explicitly embed our mechanism for fermion mass
generation in a more complete theory of that type, we do not expect that such an em-
bedding would encounter major hurdles. Note in particular that composite Higgs models
based on top condensation [10, 11, 12] lead automatically to a large top mass, providing
the appropriate input for the mechanism presented here.
The possibility that the mass of the top quark may be responsible for all other fermion
masses has been previously considered [13, 14, 15]. Various obstacles [15], however, have
prevented theories of this type from being realistic. In the model of Ref. [13] a weak-triplet
VEV is essential for generating the lepton and first generation quark masses, such that
the current constraints lead to an additional suppression of several orders of magnitude
for all these masses. In the model of Ref. [14], if the mechanism is correctly continued all
the way to the first generation, then the down quark turns out to be lighter than the up
quark.
Our conclusions are collected in Section 6. In the Appendix we compute the 2-loop
diagrams responsible for the charm mass.
1Alternatively, the top quark may be the only fermion with a tree-level mass because of some symmetry
acting on the standard model fermions. A related model, where an S3 symmetry allows tree-level masses
only for the top and bottom quarks, is given in Ref. [9].
2Other models of fermion mass generation without flavor symmetries can be found, for example, in
Refs. [8, 4].
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2 Loop-induced masses for charged leptons and up-
type quarks
We assume that the electroweak symmetry is spontaneously broken by the vacuum ex-
pectation value of a Higgs doublet H , and that the only nonzero Yukawa coupling of H
to the standard model fermions is
− yt u3RQ3LH +H.c. (2.1)
Here QiL is the quark doublet of the ith generation, u
j
R is the up-type quark singlet of the
jth generation, and yt is a dimensionless parameter. The above Yukawa coupling breaks
explicitly the [U(3)]3 global symmetry of the quark kinetic terms down to a U(1)t ×
U(2)Q×U(2)u×U(3)d chiral symmetry, corresponding to unitary transformations acting
on Q3L, Q
1,2
L , u
1,2
R and the down-type quark singlets d
j
R, respectively. The top quark mass
is generated at tree level (mt = ytvH > 0, where vH ≈ 174 GeV), while the other quarks
and leptons remain massless so far.
Let us introduce a complex scalar field, r, which transforms under SU(3)c×SU(2)W ×
U(1)Y as (3, 2, +7/6). The normalization of hypercharge used here is Y = Q−T 3, where Q
is the electric charge and T 3 is the diagonal SU(2)W generator. The r component of T
3 =
−1/2 (T 3 = +1/2) has electric charge +2/3 (+5/3). The most general renormalizable
interactions of r with standard model fermions are given by
λij r u
i
RL
j
L − λ′ij r Q
i
Le
j
R + H.c. , (2.2)
where i, j = 1, 2, 3 label the generations, LjL are the lepton doublets, and e
j
R are the
SU(2)W -singlet electrically-charged leptons. The λij and λ
′
ij coefficients are dimensionless
complex parameters.
The interactions (2.2) break explicitly the quark chiral symmetry down to U(1)u ×
U(3)d, and the lepton chiral symmetry U(3)L × U(3)e down to U(1)L. Here the U(1)u
charge is an overall phase of the QiL and u
i
R fields, while U(1)L charge is the lepton
number. The conservation of these global charges implies that r carries baryon number
+1/3 (same as QjL) and lepton number +1 (same as L
j
L), so that it is a leptoquark.
The breaking of the chiral symmetries for the QL, uR, LL and eR fields signals that
all up-type quarks and electrically-charged leptons get masses at some loop level. Before
computing the radiatively-induced masses, it is convenient to write the couplings (2.2) in
a basis where there are as many zeroes as possible. The most general form of λ up to a
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U(2)u × U(3)L transformation is
λ =
λ11 λ12 00 λ22 λ23
0 0 λ33
 , (2.3)
where all λij are real and positive. Similarly, using the U(2)Q × U(3)e transformations,
we can write
λ′ =
λ′11 λ′12 00 λ′22 λ′23
0 0 λ′33
 , (2.4)
with λ′ij > 0.
Let us now identify the leading loop diagrams that communicate electroweak symmetry
breaking from the top quark to the leptons and the charm quark. The τ mass is induced
at 1 loop, as shown in Figure 2, and is given by
mτ ≃ λ33λ′33mt ǫ(1)r , (2.5)
where ǫ
(1)
r is the loop factor, which is logarithmically divergent:
ǫ(1)r ≃
Nc
16π2
ln
(
Λ2
M2r
)
. (2.6)
Here Nc = 3 is the number of colors, Mr is the mass of r, and Λ is the cutoff scale
where the quark (other than top) and lepton masses vanish. For a cutoff Λ ≈ 10Mr the
loop factor is ǫ
(1)
r ≈ 0.087, and using the mτ/mt ratio at 1 TeV (see Figure 1) we find
λ33λ
′
33 ≈ (0.36)2. In Section 3 we will present a simple renormalizable model where the
cutoff Λ is replaced by the mass of a new particle.
The charm quark mass is induced at two loops, through the “rainbow” diagram shown
in Figure 3. The entries in the up-type quark mass matrix from this type of diagrams are
given by
Mu[rr] =
0 0 00 λ′23λ23 λ′33λ23
0 λ′23λ33 λ
′
33λ33
λ′33λ33mt ǫ(2)r , (2.7)
L3L τRtR Q
3
L
r
Figure 2: The 1-loop diagram responsible for the tau mass. The × represents a top quark
mass insertion.
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Figure 3: Charm mass induced by the 2-loop “rainbow” diagram involving the r scalar.
where ǫ
(2)
r is the 2-loop integral, and the corresponding term in the Lagrangian is qRMuqL.
Approximating the inner loop in Figure 3 by Eq. (2.6), we find
ǫ(2)r ≃
1
Nc
(
ǫ(1)r
)2
. (2.8)
In Appendix A we show that this is a reasonable approximation.
In addition to the “rainbow” diagram there are a few other 2-loop diagrams that
connect a Q2,3L external line to a cR or tR external line. These involve kinetic mixing
between up-type quarks, and one can show that they do not change the rank of the up-
type mass matrix. As a result, they may be ignored in the computation of the charm
mass.
Given that the tree-level top mass represents a large contribution to the 33 element of
the up-type quark mass matrix, the charm mass is approximately given by the 22 element
of Mu[rr]:
mc ≃ λ′23λ23mτ
ǫ
(1)
r
Nc
. (2.9)
Assuming that there are no other contributions to the charm mass, the mc/mτ ratio at
1 TeV requires λ23λ
′
23 ≈ (3.3)2 for Λ ≈ 10Mr. These Yukawa couplings are rather large,
and one may worry that they do not remain perturbative up to the scale Λ. However, in
Section 4 it is shown that the sector responsible for the down-type quark masses actually
leads to additional 2-loop contributions to mc, so that the Yukawa couplings, λ23 and λ
′
23,
need not be that large.
Now that the charm quark has a mass, it will generate masses for the muon and up
quark in the same way that the top mass lead to tau and charm masses. More precisely,
the leading contributions to the muon mass arise from 3-loops diagrams involving one
top-mass insertion. There are only two nonzero diagrams: a rainbow and a nonplanar
diagram, shown in Figure 4. As in the case of the charm mass, diagrams involving kinetic
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Figure 4: Muon mass induced by the 3-loop rainbow and nonplanar diagrams involving
the r scalar. In the nonplanar diagram there is no intersection of the upper two r lines.
mixing on internal or external fermion lines may be ignored because they do not change
the rank of the matrix (a more transparent argument is given in Section 3). The charged-
lepton mass matrix gets the following contributions from diagrams involving three r lines:
Me[rrr] =
 0 0 00 λ′22λ′23λ23λ22 λ′22λ′23 [(λ23)2 + (λ33)2]
0 [(λ′23)
2+(λ′33)
2]λ23λ22 [(λ
′
23)
2+(λ′33)
2] [(λ23)
2+(λ33)
2]
λ′33λ33mt ǫ(3)r .
(2.10)
In the large Nc limit the nonplanar diagram in Figure 4 is subleading to the rainbow
diagram. In addition, the nonplanar diagram involves fewer factors of ln(Λ2/M2r ) (the
2-loop computations given in the Appendix include an explicit example of how fewer
logarithmic factors arise in a non-rainbow diagram). Due to the combination of Nc and
logarithmic factor suppression, we expect that the rainbow diagram dominates. So, the
3-loop factor, ǫ
(3)
r , is given by
ǫ(3)r ≃
1
Nc
(
ǫ(1)r
)3
. (2.11)
The 33 element of the charged-lepton mass matrix is dominated by the the 1-loop tau
mass from Eq. (2.5), so that the muon mass is approximately given by the 22 element of
Me[rrr]:
mµ ≃ λ′22λ22mc ǫ(1)r . (2.12)
The mµ/mc ratio at 1 TeV requires λ22λ
′
22 ≈ (1.5)2.
The up-quark mass is generated at 4 loops. There are five diagrams, each involving
four r lines. All these diagrams have 8 vertices, proportional to λ12, λ22, λ23, λ33, λ
′
33, λ
′
32,
λ′22, and λ
′
21, respectively. The only difference between the diagrams comes from the way
the four outgoing r lines are contracted with the four incoming r lines. If we label the
above vertices by 1, 2, ... , 8, the pairing of r lines in the rainbow diagram is 18-27-36-45.
In the large Nc limit, the rainbow diagram dominates, being of order N
2
c . However, there
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are three other diagrams (18-25-36-47, 16-27-38-45, 14-27-36-58) of order Nc which cannot
be neglected for Nc = 3. It is likely though that some of these diagrams have fewer factors
of ln(Λ2/M2r ) than the rainbow diagram. The remaining diagram (16-25-38-47) does not
depend on Nc. Thus, even though all these five diagrams have the same sign and add
constructively, their sum may be reasonably well approximated by the rainbow diagram.
The 4-loop contributions to the up-quark mass matrix take the form
Mu[rrrr]ij =
(∑
a,b,c,d
λiaλbaλb3λ
′
c3λ
′
cdλ
′
jd
)
λ33λ
′
33mt ǫ
(4)
r , (2.13)
where the 4-loop factor is expected to be of order
ǫ(4)r ∼
1
N2c
(
ǫ(1)r
)4
. (2.14)
The up quark mass is given approximately by the 11 entry of Mu[rrrr]:
mu ≈ λ′12λ12mµ
ǫ
(1)
r
Nc
. (2.15)
In the absence of contributions to the up mass from a different sector (see Section 4),
the mu/mµ ratio at 1 TeV requires λ12λ
′
12 ≈ (0.6)2, where we ignored the order-one
uncertainty introduced by Eq. (2.14).
Finally, the electron mass arises at 5 loops. There are two diagrams at order N3c , eight
diagrams at order N2c and eleven diagrams at order Nc, all involving five r lines. Ignoring
the uncertainty associated with the sum of these diagrams, we estimate
me ∼ λ′11λ11muO(ǫ(1)r ) . (2.16)
The mu/me ratio at 1 TeV requires λ11λ
′
11 ≈ (2.3)2. As in the case of the u or µ mass, all
the diagrams contributing to the electron mass have the same sign. In the hypothetical
case where all the loop integrals for non-rainbow diagrams have the same size as the
rainbow one, the estimate for λ11λ
′
11 is smaller by a factor of ∼ (2.4)2.
The constraints on various processes induced by leptoquark exchange set limits on Mr
far above 1 TeV (see section 5), so that the renormalization group evolution changes the
quark and lepton masses at the scale Mr compared to the values shown in Figure 1. The
most notable effect is that the quark masses decrease faster than the lepton masses when
the scale where they are evaluated increases [7]. We have not taken this effect into account
in this paper, because the field content above the TeV scale is not uniquely determined.
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In summary, if the only source of mass for the up-type quarks and charged leptons
is loops involving r, then the observed fermion masses, which span almost six orders of
magnitude, may be obtained with values for the Yukawa couplings of r ranging between
0.36 and 3.3. Furthermore, the observed mass ordering mt > mτ > mc > mµ > mu > me
is correctly reproduced by the number of loops required for generating each of these
masses. Figure 5 depicts schematically how the masses for these fermions are generated.
It is interesting to compare this figure with the fermion mass spectrum shown in Figure 1,
keeping in mind that the mass decreases exponentially as the number of loops increases
linearly.
In generating lepton masses from the top quark mass, a field with the quantum num-
bers of a leptoquark is generically necessary. There is however an alternative to the
leptoquark (r) included here: a scalar d˜ transforming as (3, 1,+1/3) under SU(3)c ×
SU(2)W × U(1)Y . The d˜ leptoquark has the quantum numbers of a right-handed down-
type squark (note that in supersymmetric models with R-parity violation the squarks may
have leptoquark couplings). The most general gauge invariant Yukawa couplings to the
✣✢
✤✜
✣✢
✤✜
✣✢
✤✜
✣✢
✤✜
✣✢
✤✜
✣✢
✤✜
t
τ
c
µ
u
e
# of loops
5
4
3
2
1
0
❄
Figure 5: Loop-level where masses for charged leptons and up-type quarks are generated.
Each line connecting a pair of fermions indicate Yukawa interactions with r.
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standard model fermions are
κd d˜ Q
c
L LL + κ
′
d d˜ u
c
R eR +H.c. , (2.17)
where the flavor structure of the κd and κ
′
d couplings is the same as in Eq. (2.3). The
analysis carried out for r also applies to d˜: the above couplings break the chiral symmetries
and lead to up-type quark and lepton masses, with the same loop counting. We will not
discuss further the d˜ leptoquark in this paper.
3 Renormalizable UV completion
In the previous section we have assumed that the Higgs doublet couples only to the top
quark at tree level. In this section we are going to justify this assumption by introducing
a new symmetry acting on the Higgs sector (but not on the standard fermions) in a
renormalizable model.
We introduce a symmetry, GH , under which the Higgs doublet is charged while all
standard model fermions are singlets. This forbids any dimension-4 couplings of the
Higgs doublet to standard model fermions. The new symmetry is broken by the VEV of
a scalar field φ which is a singlet under SU(3)c × SU(2)W × U(1)Y . At this stage the
chiral symmetries of the standard model are unbroken.
Examples of this symmetry could be a gauge or global U(1)H , or a discrete subgroup
thereof. We will consider, for concreteness, a global U(1)H . As we will see, our minimal
model would have to be extended if GH is gauged since its fermion content is anomalous.
For the case of a global U(1)H considered here this anomaly implies that the Goldstone
boson has a small mass. However, this mass is not sufficient for 〈φ〉 ∼< 107 TeV to avoid
constraints from star cooling, and some additional small explicit breaking of U(1)H must
be included to increase the mass of the would-be Goldstone boson. If GH were discrete,
then these constraints would be avoided, but instead one would need to ensure that the
associated domain walls are cosmologically allowed. The solution to these problems should
not affect the predictions we make here.
We introduce a vectorlike fermion, Ψ, transforming as QL under SU(3)c × SU(2)W ×
U(1)Y , which carries U(1)H charge −1. Then the most general Yukawa couplings of φ
and H are given by HuiRΨL and φΨRQ
j
L. Without loss of generality we can use the chiral
transformations to rewrite these Yukawa couplings as
− yHH u3RΨL − yφφΨRQ3L +H.c. (3.1)
10
QjL u
i
R
φ H
ΨR ΨL
Figure 6: Top mass from an extended Higgs sector.
L3L τR
tR Q3L
ΨL ΨR
r
H φ
Figure 7: Effective operator responsible for the tau mass.
where yH and yφ are real positive parameters.
Integrating out the heavy Ψ fermion (see Figure 6) leads to a dimension-5 operator
φH u3RQ
3
L. Replacing the φ scalar by its VEV then leads to an effective top Yukawa
coupling. The mass scale that suppresses this operator is given by the Ψ mass MΨ if
MΨ ≫ yφ〈φ〉. More generally, there is a 2 × 2 mass matrix for Ψ and top, whose lighest
eigenvalue is the physical top mass. This is similar to the top-seesaw theory of Higgs
compositeness [12]. For yHvH ≪ yφ〈φ〉 and yHvH ≪ MΨ,
mt ≈ yHvH
[
1 +
(
MΨ
yφ〈φ〉
)2 ]−1/2
. (3.2)
A remarkable thing has happened: only the top quark acquires mass at tree level even
when no symmetry differentiates it from other standard model fermions!
We can now repeat the analysis of Section 2 except instead of giving logarithmically
divergent contributions to the fermion masses, the loops will generate finite coefficients to
dimension-5 operators involving φ, H and a standard model fermion pair. For example,
the coefficient of the φH τRL
3
L operator arises from the 1-loop diagram shown in Figure 7,
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and is given by yHyφλ33λ
′
33Nc/MΨ times a finite integral:
I1(MΨ,Mr) = M
2
Ψ
∫
d4k
(2π)4
i
k2 (k2 −M2Ψ) (k2 −M2r )
=
1
16π2
M2Ψ
M2Ψ −M2r
ln
(
M2Ψ
M2r
)
. (3.3)
Replacing H and φ by their VEVs, and using Eq. (3.2), we find the tau mass:
mτ ≃ λ33λ′33Ncmt
[
1 +
(
yφ〈φ〉
MΨ
)2 ]1/2
I1(MΨ,Mr) . (3.4)
Comparing this result with Eq. (2.5) for M2Ψ ≫ (yφ〈φ〉)2 and MΨ ≫ Mr shows that
the cutoff scale used in Section 2 may be identified with the Ψ mass: Λ ≃ MΨ. For
convenience we take this limit in what follows.
The UV completion discussed here results in only the top quark acquiring a tree-level
coupling to the Higgs doublets, and implies that all the Yukawa couplings come from
dimension-5 operators, of the form φH ψR ψL. The lack of a renormalizable counterterm
means that all fermion mass terms are finite. This justifies ignoring diagrams which involve
kinetic mixing on internal or external lines, as we did earlier, because they contain fewer
propagators in the loops and would lead to a mass with logarithmic dependence on the
cutoff scale, which is forbidden by U(1)H . Since kinetic mixing does not change the rank
of the mass matrices, its presence in diagrams cannot lead to loop generated masses and
it can be ignored.
4 Loop-induced down-type quark masses
With the fields and interactions introduced in the previous sections the chiral symmetry
of the Lagrangian is U(3)d × U(1)u ×U(1)L. In order to generate masses for the b, s and
d quarks, some new interactions must break the U(3)d symmetry by coupling the right-
handed down-type quarks to fields involved in electroweak symmetry breaking. There are
several possible interactions of this type. In this Section we focus for definiteness on a
particular set of interactions.
4.1 b-quark mass
Let us introduce a pair of scalar fields, Φ8 and Φ
′
8, which transform under SU(3)c ×
SU(2)W×U(1)Y as (8, 2,±1/2), and carry global U(1)H charge +1. At the renormalizable
12
Q3L ΨR ΨL bR
tR ΨL
H
φ
φ φ
Φ8 Φ
′
8
Figure 8: b-quark mass generated at one loop. The gauge-singlet scalar has a VEV
〈φ〉 ∼ MΨ.
level, the most general couplings of Φ8 and Φ
′
8 to fermions are
κiΦ8 u
i
RΨL + κ
′Φ′8 d
3
RΨL +H.c. , (4.1)
where κ3 and κ
′ are positive parameters (up to a phase redefinition of Φ8 and Φ
′
8), while
κ1 and κ2 are complex dimensionless parameters. Just as the Higgs doublet couples to
only one linear combination of up-type quarks, Φ′8 couples to only one linear combination
of down-type quarks, which defines the bottom quark. The above interactions break
explicitly the U(3)d × U(1)u chiral symmetry down to U(2)d, so that they induce a mass
for the b quark and not for the s and d quarks.
Besides the usual quartic couplings for the scalars, the
cΦ8Φ
′
8φφ+ c
′HΦ†8r
†r + c ′′
(
Φ8H
†
)2
+H.c. (4.2)
quartic couplings are allowed by all symmetries (the last coupling will not be used in the
generation of fermion masses). The coefficients c′ and c′′ are complex numbers, while c
is real and positive (its phase is absorbed by a redefinition of the Φ′8 field, which in turn
requires the same phase to be absorbed into d3R in order to keep κ
′ real).
The b quark acquires a positive mass at one loop from the diagram shown in Figure 8:
mb = κ3κ
′cmt 〈φ〉2Nc I˜1(MΨ,M8,M8′) , (4.3)
where M8 and M8′ are the masses of the Φ8 and Φ
′
8 scalars, and
I˜1(MΨ,M8,M8′) ≡
∫
d4k
(2π)4
i
(k2 −M2Ψ) (k2 −M28 ) (k2 −M28′)
(4.4)
=
M28′ M
2
8 ln (M8′/M8) +M
2
ΨM
2
8′ ln (MΨ/M8′) +M
2
8 M
2
Ψ ln (M8/MΨ)
8π2 (M28′ −M28 ) (M2Ψ −M28 ) (M2Ψ −M28′)
.
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φ
Figure 9: Charm-quark mass induced at 2 loops by the Φ8 interactions.
Taking the limit M8 ≪MΨ, M8′ , and to leading order in (M8′/MΨ)2, the integral of (4.4)
becomes
I˜1(MΨ,M8,M8′) ≈ 1
16π2M2Ψ
ln
(
M2Ψ
M ′28
)
. (4.5)
As before, this mass is a finite effect with the logarithm being cutoff by the mass of the
massive fermion. Working in this regime and assuming that 〈φ〉 ≈ MΨ and y2φ ≪ 1 we
find that the correct b-quark mass requires κ3 κ
′c ≈ (0.6)3, for MΨ/M8′ ∼ O(10).
In addition to the masses generated in section 2 when r was integrated out, there are
potentially important contributions to the charm, up and electron masses from the fields
introduced in this section.
The charm-quark mass receives an additional two-loop contribution from the diagram
shown in Figure 9. This is a direct contribution from the Higgs VEV, unlike the two-loop
contribution to the charm mass discussed in Section 2, which first required the tau to get
a mass. However, as before, this new contribution does involve a top-quark internal line.
The new two-loop contributions to the mass matrix of the up-type quarks are given by
Mu[Φ8r] =
0 κ1λ′23 κ1λ′330 κ2λ′23 κ2λ′33
0 κ3λ
′
23 κ3λ
′
33
λ′33c′ yφ 〈φ〉 vHMΨ ǫ(2)Φ . (4.6)
Here ǫ
(2)
Φ is a 2-loop integral computed in the Appendix [see Eq. (A.4)], which is paramet-
rically smaller than the ǫ
(2)
r integral of Eq.(2.8) by a logarithmic factor. Nevertheless, the
above contribution to the charm mass is not suppressed by the small product of couplings
λ33λ
′
33, and therefore it may be comparable to or even larger than the rainbow diagram
of Figure 3. Consequently, λ23 and λ
′
23 may be substantially smaller than the values
determined in Section 2.
The up-quark mass also gets additional contributions, at 4 loops, from diagrams that
involve one HΦ†8r
†r vertex [see Eq. (4.2)] and either a (r†r)2 or Φ†8Φ8r
†r vertex. We
will ignore these diagrams in what follows because they are probably suppressed by one
14
L1L
uR
Q3L τR
Q2L
µR Q1L eR
r r
r r
H
Φ8
•
L1L uR Q
3
L
τR Q2L
µR Q
1
L
eR
r r
r r
H
Φ8
•
Figure 10: Electron mass induced at 4 loops. The diagrams are nonplanar (the lower
two r lines do not intersect). The • indicates a vertex obtained by integrating out the Ψ
fermion.
logarithmic factor compared with the 4-loop contributions discussed in Section 2. It should
be mentioned, though, that it is difficult to determine the largest number of logarithmic
factors appearing in such 4-loop integrals, especially because some of these are associated
with infrared divergences for Mr→0.
Interestingly, the interactions of the Φ8 lead to an electron mass induced at 4 loops,
as shown in Figure 10. Recall that the r interactions by themselves allowed an electron
mass only at 5 loops. It is thus likely that the 4-loop diagrams of Figure 10 represent the
dominant contributions to the electron mass. Hence, the λ11λ
′
11 product may be smaller
than the value derived from Eq. (2.16) without affecting the electron mass, which some-
what relaxes the limits on the r leptoquark (see Section 5). On the other hand, these
4-loop diagrams include fewer than four logarithmic factors, while the 5-loop contributions
are enhanced by the large number of diagrams, so that without a detailed computation
it cannot be ruled out that the two contributions are comparable for sizable ranges of
parameters. Assuming that the diagrams in Figure 10 dominate and lead to three loga-
rithmic factors (i.e., one less than a 4-loop rainbow diagram, as suggested by the 2-loop
computations presented in the Appendix), we find
me ≈ λ11 λ′11 λ′12 λ′22 λ′23 λ′33 κ∗1 c′ ∗
yφ〈φ〉
MΨ
vH ǫ
(4)
Φ , (4.7)
where the 4-loop factor is
ǫ
(4)
Φ ∼
N2c
(16π2)4
ln3
(
M2Ψ
M2r
)
. (4.8)
The me/vH ratio is correctly reproduced for
λ11 λ
′
11 λ
′
12 λ
′
22 λ
′
23 λ
′
33 κ
∗
1 c
′ ∗ ∼ 2 . (4.9)
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Figure 11: Strange mass induced by a 3-loop “rainbow” diagram. The⊗ symbol represents
the b mass induced at 1-loop as in Fig. 8.
4.2 Strange and down quark masses
The strange and down quarks remain massless until the U(2)d symmetry is broken. One
possibility for breaking that chiral symmetry is to introduce some vectorlike fermions
Υk which transform as (1, 2,+3/2) under SU(3)c × SU(2)W × U(1)Y . It is sufficient to
include two such fermions: k = 1, 2. Their most general Yukawa interactions with the
fields introduced here are
ηjk r d
j
RΥ
k +H.c. (4.10)
An U(2)d transformation allows us to take η11 = 0. We may also redefine the phases of
the sR and dR fields such that 3 combinations of ηij parameters are real, but it is more
convenient to do so after we compute the strange and down quark masses.
The strange-quark mass is generated at 3 loops by the diagram shown in Figure 11.
The contributions to the down-type quark mass matrix from this type of 3-loop rainbow
diagrams are approximately given by
Md[rrΦ8] ≈
0 0 00 (η21 η∗31 + η22 η∗32) λ′23 (η21 η∗31 + η22 η∗32) λ′33
0
(|η31|2 + |η32|2)λ′23 (|η31|2 + |η32|2) λ′33
λ′33mb ǫ(2)r , (4.11)
where ǫ
(2)
r is the dimensionless 2-loop integral for a rainbow diagram [see Eq.(2.8)]. We
have assumed here that the vectorlike fermions Υ1,2 have negligible masses compared to
Mr. Since there is a 1-loop contribution to the b-quark mass (the 33 element of Md),
the s-quark mass is approximately given by the 22 element of Md[rrΦ8]. An sR field
redefinition allows us to make the η21 η
∗
31 + η22 η
∗
32 combination real and positive, so that
all entries in Eq. (4.11) are positive.
The ms/mb ∼ 1/50 mass ratio requires a product of dimensionless couplings to be
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Figure 12: Down-quark mass induced at 4 loops. In the first diagram, the ⊗ represents
the 1-loop b-mass insertion of Fig. 8, and the upper two r lines do not intersect. The last
two diagrams are also nonplanar (the lower two r lines do not intersect). As before the •
indicates a vertex obtained by integrating out the Ψ fermion.
larger than unity:
(η21 η
∗
31 + η22 η
∗
32) λ
′
23λ
′
33 ∼ 8 . (4.12)
However, given that several couplings are involved here, none of them needs to be sub-
stantially larger than unity, and therefore we do not need to worry about departures from
perturbativity.
The down-quark mass is generated at 4 loops through the diagrams shown in Figure 12,
and is given by
md ≈ λ′12 λ′22 λ′23 λ′33 η∗32 η12
[
mb ǫ
(3)
Υ + yφ vHκ
′c c′
( 〈φ〉
MΨ
)3
ǫ
(4)
Υ
]
. (4.13)
The first term in the paranthesis represents the first diagram in Figure 12, and involves a
3-loop nonplanar integral ǫ
(3)
Υ . The second term represents the sum of the last three dia-
grams, and involves a 4-loop dimensionless integral ǫ
(4)
Υ . Although we have not calculated
ǫ
(3)
Υ and ǫ
(4)
Υ , the second term is likely to dominate because it is enhanced by a factor of
N2c : ǫ
(4)
Υ ∼ ǫ(4)Φ , with ǫ(4)Φ given in Eq. (4.8). Similar 4-loop diagrams contribute to all 1i
and i1 (i = 1, 2, 3) entries of the down-type mass matrix.
Using a phase redefinition of dR, we take md > 0 in Eq. (4.13). This implies η
∗
32η12c
′ >
17
H φ ΨL,R r Φ8 Φ
′
8 Υ
1,2
L,R
SU(3)c 1 1 3 3 8 8 1
SU(2)W 2 1 2 2 2 2 2
U(1)Y +1/2 0 +1/6 +7/6 +1/2 −1/2 +3/2
global U(1)H +1 −1 −1 0 +1 +1 0
spin 0 0 1/2 0 0 0 1/2
Table 1: Charges of scalars and vectorlike quarks. H breaks the electroweak symmetry,
φ and Ψ communicate the breaking to the t quark, r communicates it to the charged
leptons and the c and u quarks, while the fields on the right-hand side are responsible for
down-type quark masses.
0, assuming that the first term is negligible. The interactions (4.10) and the phase re-
definitons discussed in this section finally break the chiral symmetry [U(3)]5 of the stan-
dard model fermions down to U(1)L×U(1)Q, corresponding to lepton and quark number
respectively.
The md/vH ≈ 1.4 × 10−5 ratio also requires a product of dimensionless couplings to
be large:
λ′12 λ
′
22 λ
′
23 λ
′
33 η
∗
32 η12 yφ κ
′c c′ ∼ O(10) (4.14)
for 〈φ〉 ≈MΨ. As in the case of ms, the large number of couplings allows the product to
be large even if no coupling is substantially larger than unity.
To summarize the field content of our model, the masses of the up-type quarks and
charged leptons are generated by the fields shown on the left-hand side of Table 1, while
the masses of the down-type quarks also require the fields shown on the right-hand side of
Table 1.The mechanism of fermion mass generation is schematically depicted in Figure 13.
4.3 CKM matrix
In the previous sections we have determined the leading piece of each entry in the mass
matrix for both the up- and down-type quarks. The transformations necessary to go to
the mass eigenstate basis will determine the CKM matrix. The mass terms for the quarks
are qRMqqL (q = u, d). Working in the regime where the charm quark gets its mass
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Figure 13: Loop-level of mass generation. Each line connecting a pair of fermions indicates
interactions that break their chiral symmetries. A fermion receives a mass provided at
least two lines connect it to other fermions which communicate with the Higgs sector (the
chiral symmetries of both its left- and right-handed components must be broken).
predominantly from diagrams involving Φ8, so that (4.6) dominates over (2.7), we find
Mu ≈

mu
κ1
κ2
mc
κ1λ
′
33
κ2λ
′
23
mc
aumu mc
λ′33
λ′23
mc
λ33
λ23
(
au − λ22
λ12
)
mu
κ3
κ2
mc mt

, (4.15)
where we defined
au ≡ λ
2
22 + λ
2
23 + λ
2
33
λ12λ22
> 0 . (4.16)
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The only complex entries in Mu are those involving κ1 or κ2. The down-type quark mass
matrix is given by
Md ≈

md
λ′ 222 + λ
′ 2
23 + λ
′ 2
33
λ′12λ
′
22
md
λ′33(λ
′ 2
23 + λ
′ 2
33)
λ′12λ
′
22λ
′
23
md
admd ms
λ′33
λ′23
ms
ad asmd asms mb
 , (4.17)
where, for convenience we introduced the notation
ad =
η21 η
∗
31 + η22 η
∗
32
η12 η∗32
,
as =
|η31|2 + |η32|2
η21 η∗31 + η22 η
∗
32
> 0 . (4.18)
Note that ad is the only complex parameter, and the only complex entries in Md are the
21 and 31 ones.
The CKM matrix is determined by the unitary transformations, VuL and VdL , of the
left-handed quark fields that diagonalize the mass matrices (more precisely, the 3×3 ma-
trices VqLM
†
qMqV
†
qL
for q = u, d are diagonal). For the up-type quarks this transformation
is
VuL ≈

1 − κ1/κ2 + au
1 + |κ1/κ2|2
mu
mc
0
κ∗1/κ
∗
2 + au
1 + |κ1/κ2|2
mu
mc
1 −κ3
κ∗2
mc
mt
0
κ3
κ2
mc
mt
1
 , (4.19)
where we have ignored all quadratic corrections in mu/mc or mc/mt (these ratios are
2-loop factors, as shown in Figure 13). For the down-type quarks, we keep only linear
terms in ms/mb (which is a 2-loop factor) but we keep the quadratic terms in md/ms
(which is a 1-loop factor):
VdL ≈

1− |ad|
2
2
(
md
ms
)2
−a∗d
md
ms
0
ad
md
ms
1− |ad|
2
2
(
md
ms
)2
−as ms
mb
ad as
md
mb
as
ms
mb
1

(4.20)
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The CKM matrix is then given by
VuLV
†
dL
≈

1− |ad|
2
2
(
md
ms
)2
a∗d
md
ms
a∗d as
md
mb
−admd
ms
1− |ad|
2
2
(
md
ms
)2
as
ms
mb
− κ3
κ∗2
mc
mt
−adκ3
κ2
mcmd
mtms
−as ms
mb
+
κ3
κ2
mc
mt
1

. (4.21)
All off-diagonal entries of this matrix are complex, but one may absorb four phases in the
uiL and d
i
L fields, leaving complex phases only into the 13 and 31 entries. The result is
the CKM matrix in the Wolfenstein parametrization [16],
VCKM ≈

1− λ
2
2
λ Aλ3 (ρ− iη)
−λ 1− λ
2
2
Aλ2
Aλ3 (1− ρ− iη) −Aλ2 1
 , (4.22)
with the Wolfenstein parameters given in terms of our combinations of couplings by
λ = |ad|md
ms
,
A =
1
λ2
∣∣∣∣asmsmb − κ3κ∗2mcmt
∣∣∣∣ ,
ρ =
as
A2λ4
ms
mb
[
as
ms
mb
− Re
(
κ3
κ2
)
mc
mt
]
,
η =
as
A2λ4
Im
(
κ3
κ2
)
ms
mb
mc
mt
, (4.23)
These equations can be inverted:
|ad| = λ ms
md
≈ 4.4 ,
as = Aλ
2
√
ρ2 + η2
mb
ms
≈ 0.84 ,
κ3
κ2
=
Aλ2√
ρ2 + η2
mt
mc
[
η2 + ρ2 − ρ+ iη] ≈ −1.6 + 8.9 i , (4.24)
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where the numerical values used here are λ ≈ 0.227, A ≈ 0.818, ρ ≈ 0.22, and η ≈ 0.34
[1]. The ratios |ad| and Im(κ3/κ2) are larger than order one, but overall the CKM matrix
elements are well reproduced in our model for reasonable values of parameters.
5 Experimental Constraints
The domino mechanism described above works at any scale provided there is some sepa-
ration between the masses of the domino particles and the cutoff scale (set by the mass of
the Ψ fermion). However, if the mass scales are low enough it may be possible to directly
produce some of the new states or to probe them indirectly by their effects on rare pro-
cesses. For instance, leptoquarks induce rare meson decays, rare µ and τ decays, µ → e
conversion in nuclei, meson anti-meson mixing and other processes [17]. The constraints
from rare processes typically bound the ratios λij/Mr or λ
2
ij/Mr. Since we know the ap-
proximate size of the couplings necessary to give the correct quark and lepton masses, we
derive a lower bound on the leptoquark mass.
The conversion of µ→ e in nuclei can take place at tree level through exchange of the
leptoquark. At low-energy, the relevant piece of the effective Lagrangian, after a Fierz
transformation, is
1
4M2r
[
u¯u (λ′11λ12 e¯RµL + λ11λ
′
12 e¯LµR)− u¯γµu (λ11λ12 e¯LγµµL + λ′11λ′12 e¯RγµµR)
− λ′11λ′12 d¯γµd e¯RγµµR
]
. (5.1)
The above terms involving u quarks arise from the exchange of the r component carrying
weak isospin +1/2, while the terms involving d quarks arises from the one carrying weak
isospin −1/2. Following Ref. [19], we find that the above four-fermion interactions give
the following rate for coherent µ→ e conversion in nuclei:
Γ(µ→ e) = m
5
µ
4M4r
{
λ211
[
λ′12S0 − λ12
(
2V (p) + V (n)
)]2
+ λ′ 211
[
λ12S0 − 3λ′12
(
V (p) + V (n)
)]2 }
(5.2)
where V (p) (V (n)) is the overlap integral of the proton (neutron) density and the electron
and muon wavefunctions associated with vector operators, and S0 is a combination of
similar integrals for scalar operators. For Titanium, these are [19]: V (p) = 0.0396, V (n) =
0.0468 and S0 ≈ 0.375. The experimental limit on muon conversion [1] in Titanium is
Γ(µTi→ eTi)
Γ(µTi→ capture) < 4.3× 10
−12. (5.3)
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Thus, we find a limit
Mr > 290TeV
[
λ211 (λ12 − 3.0λ′12)2 + λ′ 211 (3.0λ12 − 2.1λ′12)2
]1/4
. (5.4)
The Yukawa couplings here are in the mass eigenstate basis, whereas the ones introduced
in section 2 are given in the weak eigenstate basis. Given that the two bases are roughly
aligned, we will not make the distinction explicit in what follows. The mu/mµ ratio
requires λ12λ
′
12 ∼ (0.6)2, as discussed in Section 2. Likewise, the product λ11λ′11 cannot
be too small, or else the loop-generated electron mass will not be consistent with the
measured value. Nevertheless, several of the couplings in Eq. (4.9) may be larger than
unity, allowing λ11λ
′
11 ∼ 0.1. For λ12 ≈ λ′12 ≈ 0.6 and λ11 ≈ λ′11 ≈ 0.3, the mass limit
is Mr ∼> 180 TeV. A more judicious choice of couplings would relax the mass limit: by
tuning the couplings while keeping λ11 ∼< 2, the limit becomes Mr ∼> 100 TeV.
The scalar leptoquark r has chirality violating couplings since it couples to both left-
and right-handed quarks and leptons. It may contribute, at tree level, to decays that
are helicity suppressed in the standard model, such as the decays of the pseudoscalar
mesons, but without the mass suppression. The new contribution to the decay amplitude
interferes with the standard model amplitude, so the leptoquark contribution to the rate
scales as 1/M2r . The ratio of the helicity suppressed decay of the pion to the dominant
mode is measured to be [1]
R ≡ Γ (π
+ → e+ν)
Γ (π+ → µ+ν) = (1.230± 0.004)× 10
−4, (5.5)
and the SM prediction is [18] RSM = (1.2352± 0.0001) × 10−4. The contribution from
exchange of an r leptoquark is
RLQ
RSM
=
1
2
√
2GFVud
m2pi
mu +md
1
M2r
(
λ11λ
′
11
me
− λ12λ
′
12
mµ
)
. (5.6)
Since the leptoquark enhances R, and the standard model prediction is already above the
observed value, the constraint on the leptoquark is strong. At the 95% CL,
Mr√
λ11λ′11
> 270TeV. (5.7)
As discussed above, λ11λ
′
11 ∼> 0.1 so that the pion decays require Mr ∼> 90 TeV.
At 1-loop the leptoquark contributes to processes like K −K mixing or µ→ eγ. Let
us briefly discuss the former. The contribution to K0L − K0S mass splitting, ∆mK , from
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box diagrams involving r is
∆m
(LQ)
K =
(λ′12λ
′
22)
2
M2r
f 2K mK
192π2
, (5.8)
where fK ≈ 159.8MeV is the kaon decay constant, and the measured mass splitting is
∆mK = (3.483 ± 0.006) × 10−12MeV. Since there are large long distance uncertainties
in the calculation of the SM contribution to ∆mK we will assume that the new physics
contribution from r boxes can be as large as 30% of the measured value. Using the values
λ′12 ≈ 0.6 and λ′22 ≈ 1.5, as suggested in section 2, this results in a bound of Mr ∼> 70
TeV.
Additional constraints on r are set by lepton-flavor violating K decays (such as K+ →
π+ µ+ e−), rare τ decays, D−D, Bs−Bs mixing, and other processes. However, the limit
on Mr coming from µ→ e conversion in nuclei is currently the most stringent one. Thus,
an improvement in the experimental sensitivity on µ → e conversion in nuclei may lead
to the discovery of the r leptoquark effects.
The constraints on the fields used to generate the b quark mass, Φ8 and Φ
′
8, are more
model dependent. Color-octet weak-doublet scalars of this type have been discussed in
Ref. [20, 21]. In our case the flavor structure of their interactions is different, predom-
inately involving a 3rd generation left-handed quark and a right-handed quark of any
generation. Through the down-type quark mixing (4.20), Φ′8 gives tree-level contribu-
tions to K − K mixing, and together Φ8 and Φ′8 give loop contributions to b → sγ.
Due to the number of small mixings that enter, the constraint from K − K mixing is
very weak, M8′ ∼> O(10GeV). The b→ sγ process involves fewer mixing insertions and
has a stronger constraint. The contribution of Φ8 is similar to that of a charged Higgs
boson. However, because the b quark mass itself is generated at 1 loop, b → sγ is not
loop suppressed, but is suppressed by small model-dependent mixings. Depending on
these couplings, the Φ8 mass may be below the TeV scale, making it accessible at the
LHC. The color-octet scalar Φ8 would then be produced in pairs via its coupling to the
gluon, and the signal would be a pair of equal mass resonances, such as (t t¯) (t t¯), (t b¯) (b t¯),
(j b¯) (b j), or (b t¯) (j b¯), where j is a jet coming from an up or charm quark. Some of these
signatures have been studied in Ref. [22, 21]. Single Φ8 production is also possible via
gluon fusion [23]. The Φ8 can also alter the decays of the top quark.
The vectorlike leptons Υ1,2 are harder to produce, but their decays (into a charged
lepton and two jets via a virtual r at tree level, or into τγ at 1-loop) are easier to observe.
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6 Conclusions
The repeated mass hierarchies amongst elementary fermions is a long-standing mystery
in particle physics. We have proposed that the fermion masses are generated by loops
involving other standard model fermions. Starting with only the top-quark being heavy at
tree level, and introducing a single scalar (leptoquark) which couples the up-type quarks
to the leptons, we have shown that all these fermions acquire mass in turn, each at a
higher loop level than the previous one. The outcome of this domino mechanism is that
the τ , c, µ, u and e masses are generated at 1, 2, 3, 4 and 5 loops, respectively. Unlike
many other methods for generating the Yukawa couplings, we do not distinguish between
the generations of standard fermions. Even the top quark need not be singled out by a
symmetry: in the presence of a heavy vectorlike quark, the tree-level mass matrix of the
up-type quarks has rank one, such that only the top gets a tree-level mass.
The mechanism may be extended to the down-type quarks by including some other
‘domino’ particles. The model building aspects here involve more moving parts. We
have described an explicit example where the bottom-quark mass is generated by a loop
involving a pair of color-octet scalars and the top quark. A byproduct of these color octets
is that the charm mass receives additional 2-loop contributions, and the electron mass is
generated at 4 loops. The strange- and down-quark masses arise through loops involving
the scalar octets and a vectorlike lepton. Altogether, this model induces bottom and tau
masses at 1 loop, a charm mass at 2 loops, muon and strange masses at 3 loops, and
masses for the first generation at 4 loops. With all couplings of order unity, this generates
the correct patterns of fermion masses and CKM matrix elements.
Our mechanism works equally well anywhere between the electroweak and Planck
scales. There are however constraints on the masses of the new scalars from various
flavor-changing processes. The leptoquark has to be heavier than about 100 TeV, and
its effects may be discovered in future experiments searching for µ → e conversion in
nuclei, or rare K decays. The constraints on the color octets are far weaker, allowing for
interesting signatures involving third-generation quarks at the LHC.
Given the relatively high mass required for the leptoquark, our domino mechanism
must be embedded in a larger theory that also addresses the stability of the electroweak
scale. We expect that it is possible to construct a supersymmetric theory of this type3.
Another possibility is that the Higgs doublet is a bound state of the top quark with a vec-
3Related supersymmetric models can be found in Ref. [24].
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torlike quark, as in the top seesaw model [12]. The discovery at colliders of superpartners
or of particles involved in dynamical electroweak symmetry breaking could allow tests of
the flavor effects induced by the domino particles.
In total there are 24 parameters of our model that are involved in generating the entries
of the fermion mass matrices. Once the top mass is fixed, there are only predictions for
8 fermion masses and 4 CKM elements leaving many parameters free. It would be inter-
esting to embed the domino mechanism into a grand unified theory, which would reduce
sufficiently the number of parameters to allow definite comparisons with the experimental
values. Intriguingly, all scalars introduced in this paper fit into the 126 representation of
SO(10).
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Appendix: 2-loop integrals
In this Appendix we compute the 2-loop integrals that contribute to the charm mass. Let
us begin with the rainbow diagram of Fig. 3:
ǫ(2)r = Nc
∫
d4k′
(2π)4
M2Ψ
k′2(k′2 −M2r )
∫
d4k
(2π)4
1
k2(k2 −M2Ψ) [(k − k′)2 −M2r ]
=
Nc
(16π2)2
∫ 1
0
dx f
(
x,M2Ψ/M
2
r
)
(A.1)
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(2)
r is the 2-loop factor generated by the rainbow diagram contribution to mc
of Figure 3 and ǫ
(2)
Φ is from the 2-loop diagram of Figure 9. Here they are plotted relative
to the 1-loop contribution to mτ from Figure 2.
where we defined
f(x, a) = a
∫ 1/(a x)
1/[a x(1−x)]
dt
ln t
1− t
= a
[
Li2
(
1− 1
a x
)
− Li2
(
1− 1
a x(1− x)
)]
. (A.2)
For M2Ψ/M
2
r ≫ 1,
ǫ(2)r ≈
Nc
(16π2)2
[
1
2
ln2
(
M2Ψ
M2r
)
+ ln
(
M2Ψ
M2r
)
+
391
400
]
. (A.3)
Let us now turn to the 2-loop diagram shown in Fig. 9. The associated 2-loop integral,
which contributes to the charm mass as in Eq. (4.6), is
ǫ
(2)
Φ = Nc
∫
d4k′
(2π)4
M2Ψ /k
′
k′2(k′2 −M28 )(k′2 −M2Ψ)
∫
d4k
(2π)4
/k
k2(k2 −M2r ) [(k − k′)2 −M2r ]
= Nc
M2Ψ
16π2
∫ 1
0
dx
∫ 1
0
dy I˜1
(
MΨ,M8,Mr
√
(1/x− y)/(1− x)
)
, (A.4)
where I˜1 is the 1-loop integral given in Eq. (4.4). For M8 ≪Mr,MΨ,
ǫ
(2)
Φ ≈
Nc
(16π2)2
∫ 1
0
dx (1− x) f(x,M2Ψ/M2r ) . (A.5)
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For M2Ψ/M
2
r ≫ 1,
ǫ
(2)
Φ ≈
Nc
(16π2)2
[
ln
(
M2Ψ
M2r
)
− π
2
6
]
. (A.6)
Both ǫ
(2)
r and ǫ
(2)
Φ are shown in Figure 14.
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